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UNIQUENESS FOR SOME CLASSES OF PARABOLIC
PROBLEMS
F. FEO
Abstract. We prove some uniqueness results for weak solutions to some
classes of parabolic Dirichlet problems.
1. Introduction
In the present paper we investigate the uniqueness of weak solutions to the
following class of parabolic Dirichlet problems
(1.1)


ut−diva(x, t, u,∇u)+H(x, t,∇u)+G(x, t, u) =f in QT :=Ω×(0, T )
u(x, t)=0 in ∂Ω×(0, T )
u(x, 0)=u0(x) on Ω,
where Ω is a bounded open subset of RN , N ≥ 2, p > 1 and T > 0.We assume that
a : QT × R× RN → R, H : QT × RN → R and G : QT × R→ R are Carathe´odory
functions satisfying the following structural conditions
(1.2) a (x, t, s, ξ) · ξ ≥ α1 |ξ|p ,
(1.3) |a (x, t, s, ξ)| ≤ β1
[
|s|p−1 + |ξ|p−1 + a1(x, t)
]
,
(1.4) (a (x, t, s, ξ)− a (x, t, s, ξ′)) (ξ − ξ′) > 0 for ξ 6= ξ′,
(1.5) |H (x, t, ξ)| ≤ b(x, t) |ξ|γ
and
(1.6) |G (x, t, s)| ≤ c(x, t) |s|λ
for a.e. (x, t) ∈ QT , ∀s ∈ R, ∀ξ, ξ′ ∈ RN , where α1 and β1 are positive constants,
γ = p− N+p
N+2 , λ = p
N+2
N+1 , a1 ∈ Lp
′
(QT ), b ∈ Lr(QT ) and c ∈ Lρ(QT ) with r = N +2
and ρ = N+p
N
. Moreover f = f0 − divF with
(1.7) f0 ∈ L(
p(N+2)
N )
′
(QT ), F ∈
(
Lp
′
(QT )
)N
and u0 ∈ L2(Ω).
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We recall that a weak solution1 to Problem (1.1) is a measurable function belonging
to C(0, T ;L2(Ω)) ∩ Lp(0, T ;W 1,p0 (Ω)) such that ∀t ∈ (0, T ]∫
Ω
uv(x, t)dx +
∫∫
Qt
[−uvt + a(u,∇u)∇v +H(∇u)v +G(u)v] dxdτ(1.8)
=
∫
Ω
u0v(x, 0)dx +
∫∫
Qt
(f0v + F∇v) dxdτ,
for each v ∈W 1,20 (0, T ;L2(Ω)) ∩ Lp(0, T ;W 1,p0 (Ω)), where Qt := Ω× (0, t) .
If the function a does not depend on u and H ≡ G ≡ 0, we known there
exists a unique weak solution (see e.g. [22]). Here we prove the uniqueness of
weak solutions to Problem (1.1) when H ≡ 0 and G 6≡ 0 assuming that operator
− div a(x, t, u,∇u) is strongly monotone and the functions a and G are Lipschitz
continuous with respect to u (that is usual as far as uniqueness result concern).
When p ≥ 2 we assume the principle part is not degenerate, i.e. in the model case
− div a(x, t, u,∇u) = − div(a0(x, t, u)(ε+ |∇u|p−1∇u)) with ε > 0. In this case we
can relax hypothesis on the function a assuming only a locally Lipschitz continuity
with respect to u (see Section 2 for details). To our knowledge in literature there
are not any existence results for weak solutions to Problem (1.1) when H ≡ 0 and
G 6≡ 0, then we will give some details (see Proposition 3.1) for convenience of the
reader.
When H 6≡ 0 and G ≡ 0, the existence of a weak solution to problem (1.1) is
investigated in [23]. If a does not depend on u and under Lipschitz continuity on
the lower order term H , we prove that such a solution is unique.
Our proof of uniqueness adapts the idea of [1] (used also in [18] for an anisotropic
elliptic operator) to the evolution case: the main tool is the embedding in the
parabolic equation framework. In the case H ≡ 0 and G 6≡ 0 the method is
improved using Gronwall’s Lemma. Our technique works also in proving some
comparison principles.
There is an extensive literature about uniqueness of solution for elliptic equa-
tions. We just mention some of these papers: e.g. [2], [3], [4], [7], [8], [9], [12],
[13], [14] and [19]. For the evolution case some uniqueness results can be found for
example in [6], [20], [21] and [24] in the framework of weak solutions. When datum
f is only integrable, uniqueness of renormalized and entropy solutions is proved for
example in [5], [10], [11], [17] and [25].
2. Statements of results
First we study the case H ≡ 0, that is we consider the following class of nonlinear
parabolic homogeneous Dirichlet problems
(2.1)


ut − div a(x, t, u,∇u) +G(x, t, u) = f in QT
u(x, t) = 0 in ∂Ω× (0, T )
u(x, 0) = u0(x) on Ω,
when (1.2)-(1.4) and (1.6)-(1.7) hold, function a also satisfies the following strong
monotony condition
(2.2) (a (x, t, s, ξ)− a (x, t, s, ξ′)) (ξ − ξ′) ≥ α (ε+ |ξ|+ |ξ′|)p−2 |ξ − ξ′|2
1We refer to [15] for definitions of involved function spaces and parabolic framework.
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and the following Lipschitz continuity condition
(2.3) |a (x, t, s, ξ)− a (x, t, s′, ξ)| ≤ β
[
φ+ |ξ|p−1 + (|s|+ |s′|)θ
]
|s− s′|
and function G also satisfies the following Lipschitz continuity condition
(2.4) |G (x, t, s, )−G (x, t, s′)| ≤ ̺ |s− s′|
for some θ ≥ 0 with α > 0, ε ≥ 0, β, ̺ > 0 and φ ≥ 0.
We investigate separately the case 1 < p < 2 and p ≥ 2.
Theorem 2.1. Let us assume 1 < p < 2, (1.2)-(1.3), (1.6)-(1.7), (2.2) with ε = 0,
(2.3) with θ = 0 and (2.4) hold. Then there exists a unique weak solution to Problem
(2.1).
Theorem 2.2. Let us assume p ≥ 2, (1.2)-(1.3), (1.6)-(1.7), (2.2) with ε > 0,
(2.3) with 0 ≤ θ ≤ p(N+2)2N and (2.4) hold. Then there exists a unique weak solution
to Problem (2.1).
Remark 2.1. Theorem 2.1 holds if we replace |s− s′| in (2.3) and (2.4) by ω(|s− s′|),
where ω : [0,+∞[ → [0,+∞[ is such that ω(s) ≤ s for 0 ≤ s ≤ κ for some κ > 0.
Analogues generalization holds for Theorem 2.2.
Moreover in order to prove uniqueness results for problems with lower order term
H(x, t,∇u) we suppose function a does not depend on u and G ≡ 0. More precisely
we study the following class of nonlinear parabolic homogeneous Dirichlet problems
(2.5)


ut − div a(x, t,∇u) +H(x, t,∇u) = f in QT
u(x, t) = 0 in ∂Ω× (0, T )
u(x, 0) = u0(x) on Ω,
when (1.2)-(1.5) and (1.7) hold. We know (see [23]) there exists at least a weak
solution to Problem (2.5). As usual we assume the following locally Lipschitz
condition on H
(2.6) |H(x, t, ξ)−H(x, t, ξ′)| ≤ h(x, t) (η + |ξ|+ |ξ′|)σ |ξ − ξ′|
with σ ∈ R, η ≥ 0 and h a suitable function.
We investigate separately the case p < 2 and p ≥ 2.
Theorem 2.3. Let us assume 2N
N+2 ≤ p < 2, (1.2)-(1.3), (1.5), (1.7), (2.2) with
ε = 0 and (2.6) with h ∈ L∞(QT ), η > 0 and σ ≤ p−22 hold. Then there exists a
unique weak solution to Problem (2.5).
Theorem 2.4. Let us assume (1.2)-(1.3), (1.5), (1.7), (2.2) with ε > 0 and (2.6)
with h ∈ Lr(QT ) for r ≥ N +2, η = 0 and 0 ≤ σ ≤ p
(
1
N+2 − 1r
)
+ p−22 hold. Then
for 2 ≤ p ≤ 2r(N+2)
r(N+2)+2(N+2)−2r there exists a unique weak solution to Problem (2.5).
Remark 2.2. If p > 2r(N+2)
r(N+2)+2(N+2)−2r , then Theorem 2.4 holds with 0 ≤ σ ≤
p
N+2 − pr and p−22 ≤ σ ≤ pN+2 − pr + p−22 .
Remark 2.3. If in Problem (2.5) we add extra term G(x, t, u) that is an increasing
function in the variable u, the uniqueness of weak solutions can be proved under
hypothesis of Theorems 2.3 and 2.4.
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The arguments used in the proofs of previous theorems allows us to obtain also
some comparison principles.
Corollary 2.1. (Comparison principle) In the hypothesis of Theorems 2.1 and 2.2,
let us assume u and v are two solutions to Problem (2.1) such that u(x, 0) ≤ v(x, 0)
a.e. in Ω. Then u1 ≤ u2 a.e. in QT .
Corollary 2.2. (Comparison principle) In the hypothesis of Theorems 2.3 and 2.4,
let us assume u and v are two solutions to Problem (2.5) such that u(x, 0) ≤ v(x, 0)
a.e. in Ω. Then u1 ≤ u2 a.e. in QT .
3. Operators with a zero order term
In this section we study Problem (2.1) when (1.2)-(1.4) and (1.6)-(1.7) hold.
3.1. Some preliminary results. In order to prove theorems of the previous sec-
tion we need to recall the following embedding in the parabolic framework.
Lemma 3.1. (see Proposition 3.1 of [15]) Let u ∈ L∞(0, T ;Lρ(Ω))∩Lp(0, T ;W 1,p0 (Ω))
with p ≥ 1 and ρ ≥ 1. Then u ∈ Lq(QT ) with q = pN+ρN and there exists a constant
Cp that depends on N and p such that
(3.1) ‖u‖Lq(QT ) ≤ Cp
(
sup
0<t<T
‖u(., t)‖Lρ(Ω) + ‖∇u‖Lp(QT )
)
.
Moreover it results
(3.2)
∫∫
QT
|u|q ≤ Cqp
(
sup
0<t<T
∫
Ω
|u|ρ
) p
N
∫∫
QT
|∇u|p .
Moreover in the proof of uniqueness result for Problem (2.1) we need the following
version of Gronwall lemma.
Lemma 3.2. Let T > 0 and let a, d be non-decreasing functions belonging to
L1loc(R+), b ∈ L∞loc(R+) and z ∈ L1loc(R+) such that
z(t) ≤ a(t) + d(t)
∫ t
0
b(s)z(s)ds for a.e. t ∈ [0, T ] ,
then
(3.3) z(t) ≤ a(t)
[
1 + d(t)
∫ t
0
b(s)ds exp
(
d(t)
∫ t
0
b(s)ds
)]
for a.e. t ∈ [0, T ] .
3.2. Existence of a weak solution. To our knowledge in literature there are not
existence results for weak solutions to Problem (2.1).
Proposition 3.1. Under assumptions (1.2)-(1.4) and (1.6)-(1.7) there exists at
least a weak solution u ∈ L∞(0, T ;L2(Ω)) ∩ Lp(0, T ;W 1,p0 (Ω)) to Problem (2.1).
The proof is standard but for convenience of reader we will give here some steps.
We observe that the coercivity of the operator is guaranteed only if the norm
‖c‖Lρ(QT ) is small enough. Then as usual we consider the approximate problems
(3.4)


(un)t + Lnun = fn − divF in QT
un(x, t) = 0 in ∂Ω× (0, T )
un(x, 0) = u0(x) on Ω,
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where Lnu = − div a(x, t, u,∇u)+Gn(x, t, u), Gn(x, t, s) = Tn(G(x, t, s)), Tn is the
truncation at level ±n, defined by
(3.5) Tn(s) = max {−n,min {n, s}}
and {fn}n∈N ⊂ Lp
′
(QT ) such that with fn → f0 strongly in Lq′(QT ) with q =
p(N+2)
N
. The operator Ln is pseudomonotone and coercive, then (see e.g. [22]) there
exists a weak solution un ∈ L∞(0, T ;L2(Ω)) ∩ Lp(0, T ;W 1,p0 (Ω)). The following a
priori estimate of un holds.
Lemma 3.3. Assume that (1.2)-(1.4) and (1.6)-(1.7) hold. If un is a weak solution
to Problem (3.4), then there exists a constant C0 (depending on the data that appear
in the structure conditions but not on n) such that
(3.6) sup
0<t<T
‖un‖L2(Ω) + ‖|∇u|‖Lp(QT ) ≤ C0.
Proof. Using un as test function in Problem (3.4), under assumptions (1.2) and
(1.6) we obtain for t ∈ (0, T )
1
2
∫
Ω
u2n(t)dx + α1
∫∫
Qt
|∇un|p dxdτ ≤(3.7) ∫∫
Qt
c |un|λ+1 dxdτ + 1
2
∫
Ω
u20dx+
∫∫
Qt
(fnun + F∇un) dxdτ.
Using Ho¨lder inequality, (3.1) and Young inequality we have∫∫
Qt
(f0un+F∇un) dxdτ ≤ α1
p
‖|∇u|‖p
Lp(Qt)
+κ1‖|F |‖Lp′(Qt)+κ2 ‖fn‖
p(N+2)
p(N+1)−N
Lq′(Qt)
(3.8)
+ κ3
[∫
Ω
u2n(t)dx + ‖|∇u|‖pLp(Qt)
]
for some positive constant κ1, κ2 and κ3 with κ3 < min
{
1
2 ,
α1
p′
}
. Using (3.1) and
Young inequality, we get
∫∫
Qt
c(x, τ) |u|λ+1 dxdτ ≤ ‖c‖Lρ(Qt)
(
sup
0<τ<t
∫
Ω
u2n(τ)dx
) p
Nρ′
(∫∫
Qt
|∇un|p dxdτ
) 1
ρ′
(3.9)
≤ κ4 ‖c‖Lρ(Qt)
[
sup
0<τ<t
∫
Ω
u2n(τ)dx +
∫∫
Qt
|∇un|p dxdτ
]
for some positive constant κ4. Using (3.8) and (3.9) in (3.7) and taking the supre-
mum on (0, t1] for some t1 ≤ T such that ‖c‖Lρ(Qt1 ) is small enough, we obtain
(3.10) sup
t∈(0,t1]
∫
Ω
u2n(t)dx+
∫∫
Qt1
|∇un|p dxdt ≤ κ5
[∫
Ω
u20dx+ ‖|F |‖Lp′(Qt1 ) + 1
]
,
for some positive constant κ5, since {fn}n∈N is bounded in Lq′(QT ). In order to
avoid the assumption on smallness of the norm ‖c‖Lρ(QT ) we split (see also [23] and
[16]) the interval [0, T ] inM small subinterval (ti, ti+1) for i = 0, ...,M−1 in such a
way ‖c‖Lρ(Ω×(ti,ti+1)) is small enough. We are able to derive an estimate like (3.10)
for small cylinder Ω× (ti, ti+1) . Finally taking the sum of different iterations, (3.6)
holds for the inter cylinder QT . 
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Proof of Proposition 3.1. By Lemma 3.3 it follows that {un}n∈N is bounded se-
quence of L∞(0, T ;L2(Ω))∩Lp(0, T ;W 1,p0 (Ω)). Then it is possible to proceed as in
the proof of Theorem 2.2 of [23] to pass to the limit in (3.4) and to conclude the
existence of at least a weak solution to Problem (2.1).
We explicitly write only the computation about the boundness of Gn(x, t, un) in
Lq
′
(QT ). Ended by (1.6), Ho¨lder inequality and (3.1) we have∫∫
QT
|Gn(x, t, un)|q
′
dxdt ≤
∫∫
QT
c(x, t)q
′ |un|λq
′
dxdt ≤ ‖c‖1−
λq′
q
Lρ(Qt)
(∫∫
QT
uqn
)λq′
q
≤ ‖c‖1−
λq
q′
Lρ(Qt)
[
Cp
(
sup
0<t<T
‖un(., t)‖L2(Ω) + ‖∇un‖Lp(QT )
)]λq′
.
By Lemma 3.3 the norm of Gn(x, t, un) in L
q′(QT ) is bounded by a constant de-
pending on the data that appear in the structure conditions but not on n. 
3.3. Uniqueness of weak solutions. In this subsection we prove ab aburdo the
uniqueness of weak solutions to Problem (2.1).
Proof of uniqueness in the hypothesis of Theorem 2.1. We argue by contradiction.
Let us assume that Problem (2.1) admits two different solutions u and v and D =
{(x, t) ∈ QT : w > 0} has positive measure, where w = u − v. Using ϕ = Tk(w
+)
k
for k ∈
[
0, sup
D
w+
[
as test function in the difference of the equations (where Tk(·)
is defined in (3.5)), we obtain for t ∈ (0, T )∫
Ω
wϕ+
∫∫
Qt
{−wϕt + [a (x, t, u,∇u)− a (x, t, v,∇v)]∇ϕ+ [c(x, t, u)−c(x, t, v)]ϕ}=0.
Let us denote Ψk(s) =
∫ s
0 Tk(σ)dσ. We have that
(3.11)
∫
Ω
wϕ −
∫∫
Qt
wϕt =
1
k
∫
Ω
Ψk(w
+(t))
for k > 0. By (2.2), (2.3), (2.4) (3.11) we get
1
k2
∫
Ω
Ψk(w
+(t)) + α
∫∫
Qt∩Dk
|∇ϕ|2
(|∇u|+ |∇v|)2−p(3.12)
≤ β
∫∫
Qt∩Dk
(
φ+ |∇v|p−1
)
|∇ϕ|+ ̺
k
∫∫
Qt
|w|ϕ,
where Dk = {(x, t) ∈ D : w+ < k} . Using Young inequality with some δ > 0 it
follows
∫∫
Qt∩Dk
(
φ+ |∇v|p−1
)
|∇ϕ| ≤δ (φ+ 1)
2
∫∫
Qt∩Dk
|∇ϕ|2
(|∇u|+ |∇v|)2−p
(3.13)
+
φ
4δ
∫∫
Qt∩Dk
(|∇u|+ |∇v|)2−p+ 1
4δ
∫∫
Qt∩Dk
(|∇u|+ |∇v|)p.
Choosing δ small enough, using (3.13) and Young inequality in (4.6) and noticing
that Υ(s) = 2Ψk(s)− sTk(s) ≥ 0 for s ≥ 0 ( check that Υ(s) = 0 for 0 ≤ s ≤ k and
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Υ′(s) ≥ 0), we obtain
1
k2
∫
Ω
Ψk(w
+(t)) + c1
∫∫
Qt∩Dk
|∇ϕ|2
(|∇u|+ |∇v|)2−p(3.14)
≤ c2
(
|Dk ∩Qt|+
∫∫
Qt∩Dk
(|∇u|+ |∇v|)p + 1
k2
∫∫
Qt
Ψk(w
+)
)
for some positive constants c1, c2 independent on k.
Using Gronwall inequality (3.3) and taking the supremum on t ∈ (0, T ), we get
(3.15)
1
k2
sup
t∈(0,T )
∫
Ω
Ψk(w
+(t)) ≤ c2
(
1 + TeT
)(|Dk|+
∫∫
Dk
(|∇u|+ |∇v|)p
)
.
It is easy to check that
(3.16) ζ1(k) :=
[
|Dk|+
∫∫
Dk
(|∇u|+ |∇v|)p
]
→ 0
when k goes to zero, then
(3.17) lim
k→0
1
k2
sup
t∈(0,T )
∫
Ω
Ψk(w
+(t)) = 0.
Recalling that 12 |Tk(s)|2 ≤ Ψk(s), we have
(3.18) lim
k→0
sup
t∈(0,T )
∫
Ω
|ϕ|2 = 0.
Coming back to (3.14), taking the supremum and using (3.17) and (3.16), we obtain
(3.19) lim
k→0
∫∫
Dk
|∇ϕ|2
(|∇u|+ |∇v|)2−p = 0.
Moreover inequality (3.2) and Ho¨lder inequality imply
C
−
N+2
N
1 |D\Dk| ≤ C
−
N+2
N
1 ‖ϕ‖
N+2
N
L
N+2
N (D)
≤
(
sup
t∈(0,T )
∫
Ω
|ϕ|2
) 1
N ∫∫
Dk
|∇ϕ| =
≤
(
sup
t∈(0,T )
∫
Ω
|ϕ|2
) 1
N
(∫∫
Dk
|∇ϕ|2
(|∇u|+ |∇v|)2−p
)1
2(∫∫
Dk
(|∇u|+ |∇v|)2−p
)1
2
.
By (3.16), (3.18) and (3.19) it follows
(3.20) |D| = lim
k→0
|D\Dk| = 0.
To complete the proof it suffices to replace u and v. 
Proof of uniqueness in the hypothesis of Theorem 2.2. Arguing as in the previous
proof and taking into account the following extra term∫∫
Qt∩Dk
(|u|+ |v|)θ |∇ϕ| ,
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we obtain
1
k2
∫
Ω
Ψk(w
+(t)) + α
∫∫
Qt∩Dk
(ε+ |∇u|+ |∇v|)p−2 |∇ϕ|2(3.21)
≤ β
∫∫
Qt∩Dk
[
φ+ |∇v|p−1 + (|u|+ |v|)θ
]
|∇ϕ|+ 2̺
k2
∫∫
Qt
Ψk(w
+).
Using Young inequality with some δ > 0, we have the analogue of (3.13), i.e.∫∫
Qt∩Dk
[
φ+ |∇v|p−1 + (|u|+ |v|)θ
]
|∇ϕ|(3.22)
≤ δ
2
[
(φ+ 1)
εp−2
+ 1
]∫∫
Qt∩Dk
(ε+|∇u|+|∇v|)p−2|∇ϕ|2
+
φ
4δ
|Qt ∩Dk|+ 1
4δ
∫∫
Qt∩Dk
|∇v|p+ 1
4δ
∫∫
Qt∩Dk
(|u|+|v|)2θ .
Choosing δ small enough in (3.22), inequality (3.21) gets
1
k2
∫
Ω
Ψk(w
+(t)) + c1
∫∫
Qt∩Dk
(ε+ |∇u|+ |∇v|)p−2 |∇ϕ|2(3.23)
≤ c2
[
|Dk|+
∫∫
Qt∩Dk
|∇v|p +
∫∫
Qt∩Dk
(|u|+|v|)2θ + 1
k2
∫∫
Qt
Ψk(w
+)
]
.
for some positive constants c1, c2 independent on k. We remark that since 2θ ≤
p(N+2)
N
(3.24) ζ2(k) := |Dk|+
∫∫
Dk
|∇v|p +
∫∫
Dk
(|u|+|v|)2θ → 0
when k goes to zero. Arguing as in the next proof we obtain (3.18) and
(3.25) lim
k→0
∫∫
Dk
|∇ϕ|2 = 0.
Moreover inequality (3.1) and Young inequality imply
(3.26) C−11 |D\Dk|
N
N+2 ≤ sup
t∈(0,T )
(∫
Ω
|ϕ|2
) 1
2
+
1
2
∫∫
Dk
|∇ϕ|2 + 1
2
|Dk| .
By (3.26), (3.16), (3.18) and (3.25) it follows (3.20). Then the assert holds changing
the role of u and v. 
Remark 3.1. If G(x, t, u) = c(x)u the previous proofs follow easier multiplying
equation by exp(tc(x)) and using as test function ϕ = Tk((u−v)
+ exp(tc(x)))
k
.
Proof of Corollary 2.1. We can argue as in the previous proofs of uniqueness putting
w = (u− v)+. 
4. Operators with a first order term
We known that there exists at least a weak solution to Problem (2.5). Here we
have to prove only the uniqueness.
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Proof of Theorem 2.3. Let us suppose that u and v are two weak solutions to Prob-
lem (2.5) belonging to L∞(0, T, L2(Ω))∩Lp(0, T,W 1,p0 (Ω)) such that w = u−v > 0
in a subset D ⊂ QT with |D| > 0. Let us denote
wk =
{
w+ − k if w+ > k
0 otherwise
for k ∈
(
0, sup
D
w+
)
. We use wk as test function in the difference of the equation:
∫
Ω
wwk+
∫∫
Qt
[−w (wk)t+(a (x, t, u,∇u)−a (x, t, v,∇v))∇wk](4.1)
≤
∫∫
Qt
|H (x, t,∇v)−H (x, t,∇u)|wk
for t ∈ (0, T ) . We observe that
(4.2)
∫
Ω
wwk −
∫∫
Qt
w (wk)t =
1
2
∫
Ω
w2k(t).
Using (4.2), (2.2) and (2.6) with h ∈ L∞(QT ), η > 0 and σ ≤ p−22 , inequality (4.1)
becomes
1
2
∫
Ω
w2k(t) + α
∫∫
Qt
|∇wk|2
(|∇u|+ |∇v|)2−p ≤ h
∫∫
Qt
|∇wk|wk
(η + |∇u|+ |∇v|)−σ .
Taking the supremum on t ∈ (0, T ) we obtain
(4.3)
1
2
sup
0<t<T
∫
Ω
w2k + α
∫∫
Ek
|∇wk|2
(|∇u|+ |∇v|)2−p ≤ h
∫∫
Ek
|∇wk|wk
(η + |∇u|+ |∇v|)−σ ,
where Ek =
{
(x, t) ∈ QT : k < w+ < sup
D
w
}
. Since σ ≤ p−22 , Young inequality
gets
(4.4)∫∫
Ek
|∇wk|wk
(η + |∇u|+ |∇v|)σ ≤
δ
2
∫∫
Ek
|∇wk|2
(|∇u|+ |∇v|)2−p +
1
4δη−2σ+p−2
∫∫
Ek
|wk|2
for δ > 0. Putting (4.4) in (4.3) and choosing δ small enough we have
(4.5) sup
0<t<T
∫
Ω
w2k +
∫∫
Ek
|∇wk|2
(|∇u|+ |∇v|)2−p ≤ c
∫∫
Ek
|wk|2 ,
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where c is a positive constant independent on k. Using (3.2), Ho¨lder and Young
inequalities and (4.5) we have∫∫
Ek
|wk|2 ≤ C22N
N+2
[
sup
0<t<T
∫
Ω
|wk|2
] 2
N+2
∫∫
Ek
|∇wk|
2N
N+2
≤ C22N
N+2
[
sup
0<t<T
∫
Ω
|wk|2
] 2
N+2
(∫∫
Ek
|∇wk|2
(|∇u|+ |∇v|)2−p
) N
N+2
×
(∫∫
Ek
(|∇u|+ |∇v|)(2−p)N2
) 2
N+2
≤ C22N
N+2
[
2
N + 2
sup
0<t<T
∫
Ω
|wk|2 + N
N + 2
∫∫
Ek
|∇wk|2
(|∇u|+ |∇v|)2−p
]
×
(∫∫
Ek
(|∇u|+ |∇v|)(2−p)N2
) 2
N+2
≤ c
C22N
N+2
N
N + 2
(∫∫
Ek
|wk|2
)(∫∫
Ek
(|∇u|+ |∇v|)(2−p)N2
) 2
N+2
,
where C 2N
N+2
is the constant in (3.1). It easily follows that
1 ≤ c
C22N
N+2
N
N + 2
(∫∫
Ek
(|∇u|+ |∇v|)(2−p)N2
) 2
N+2
.
Since p ≥ 2N
N+2 , the right-hand side goes to zero when k goes to sup
D
w+, which is
impossible. To complete the proof we have to change the role of u and v. 
Proof of Theorem 2.4. We argue as in the proof of Theorem 2.3, obtaining
1
2
sup
0<t<T
∫
Ω
|w|2 + α
∫∫
Ek
|∇wk|2 (ε+ |∇u|+ |∇v|)p−2(4.6)
≤
∫∫
Ek
h (|∇u|+ |∇v|)σ |∇wk|wk.
Let us suppose σ ≥ p−22 . Using Ho¨lder inequality and inequality (3.1) we have
(4.7)
∫∫
Ek
h (|∇u|+ |∇v|)σ |∇wk|wk
≤
(∫∫
Ek
(
h (|∇u|+ |∇v|)σ− p−22
)N+2) 1N+2
×
(∫∫
Ek
|∇wk|2 (ε+ |∇u|+ |∇v|)p−2
) 1
2
(∫∫
Ek
|wk|
2(N+2)
N
) N
2(N+2)
≤ C2
(∫∫
Ek
(
h (|∇u|+ |∇v|)σ− p−22
)N+2) 1N+2 (∫∫
Ek
|∇wk|2 (ε+ |∇u|+ |∇v|)p−2
) 1
2
×
[
sup
0<t<T
(∫
Ω
|wk|2
) 1
2
+
(∫∫
Ek
|∇wk|2
) 1
2
]
,
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where C2 is the constant in (3.1). Putting (4.7) in (4.6), by Young inequality and
some easy computation we obtain
min
{
1
2
, αεp−2
}[
sup
0<t<T
∫
Ω
|w|2 +
∫∫
Ek
|∇wk|2
]
≤
√
2C2max
{
1,
1
ε
p−2
2
}(∫∫
Ek
(
h (|∇u|+ |∇v|)σ− p−22
)N+2) 1N+2
×[
sup
0<t<T
∫
Ω
|wk|2 +
∫∫
Ek
|∇wk|2 (ε+ |∇u|+ |∇v|)p−2
]
,
i.e.
(4.8) 1 ≤
√
2C2max
{
1, 1
ε
p−2
2
}
min
{
1
2 , α
} (∫∫
Ek
(
h (|∇u|+ |∇v|)σ− p−22
)N+2) 1N+2
.
Since N+2
r
+
(σ− p−22 )(N+2)
p
≤ 1, the right-hand side in (4.8) goes to zero when k
goes to sup
D
w, which is impossible.
Conversely if 0 ≤ σ < p−22 as before we have∫∫
Ek
(|∇u|+ |∇v|)σ |∇wk|wk(4.9)
≤
(∫∫
Ek
(h (|∇u|+ |∇v|)σ)N+2
)
1
N+2
(∫∫
Ek
|∇wk|2
) 1
2
(∫∫
Ek
|wk|
2(N+2)
N
)
N
2(N+2)
≤C2
(∫∫
Ek
(h (|∇u|+ |∇v|)σ)N+2
) 1
N+2
(∫∫
Ek
|∇wk|2
) 1
2
×
[
sup
0<t<T
(∫
Ω
|wk|2
) 1
2
+
(∫∫
Ek
|∇wk|2
) 1
2
]
.
Then putting (4.9) in (4.6) by Young inequality and some easy computation we
have
1 ≤
√
2C2
min
{
1
2 , αε
p−2
} (∫∫
Ek
(h (|∇u|+ |∇v|)σ)N+2
) 2
N+2
.
Since N+2
r
+ σ(N+2)
p
≤ 1, the contradiction follows again. Changing the role of u
and v, we complete the proof. 
Proof of Corollary 2.2. We can argue as in the proof of Theorems 2.3 and 2.4,
putting w = (u− v)+. 
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